SOLUTION OF ALGEBRA-IV MID SEMESTRAL EXAM, 2011-12

Solution to problem 1

Let f be a field automorphism. First of all we prove that f restricted on Q is identity.
For that observe that

that implies that

1
=1
nf()
which gives
1 1
f (ﬁ) =
Therefore it follows that
m m
=1
n n

Now we prove that if x > 0 then f(z) > 0. For that we write

z= (V)
so we get that

fl@)=f(Va)* >0.

Now take a sequence z,, that converges to 0. Then we have to prove that f(z,) converges
to 0. For that we observe that by the Archimedian property of the real line and the fact
that the sequence x,, goes to 0, we always get a sequence of integers a,, such that

1 1

<X, < —
Ap+1 Qp,

applying f we get that

1 1
< f(xn) <—
Ap+1 Gp,

so f(x,) goes to zero. Now since Q is dense in R. Given any a € R, we have a sequence of
rational numbers z,, converging to a. Then we have by continuity of f that f(x,) tends
to f(a). But f(z,) = x,, so by the uniqueness of limit we have

fla)=a.
Hence we are done.

Solution to problem 2

The isomorphism extension theorem states that any isomorphism ¢ : E — F' can be
extended uniquely to an algebraic extension £’ of E to an algebraic extension F” of F.

The splitting field of 2* — 5 is the finite extension of Q generated by /5 and p, where p

is a primitive 3-rd root of unity. Since we can write this splitting field as Q(+/5)(v/5p),
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which is a degree 6 extension of QQ. So there will be atmost 6 automorphism in 6, since
the extension is Galois there will be exactly 6 automorphisms. Define

o(V5) = pV5, a(p)=p

and

We can check that

and
oT =T0" .
So the Galois group is Ss.
Solution to problem 3
a)Since K, L are finite Galois extensions of F. We can write K = F(ay,--- ,a,) and

L = F(by, - ,by). Then KL = F(ay, -+ ,a,,b1, - ,by,) since a;,b;’s are roots of a
minimal separable polynomial m,,, mp,’s we get that any element o in KL is the root of a
separable polynomial in F'[x]. Since K is the splitting field of m], s and L is the splitting
field of m;,js we get that KL is the splitting field of m,,, my,’s.

b)Define the group homomorphism from Gal(KL/F) to Gal(K/F) x Gal(L/F) defined
by
o (o|k,olL) -
It can be checked that the above map is a homomorphism. Suppose that
O|K:id, U|L:id.
Then o = id, this is because we write any element in KL as
[ T

i J
and o acts identically on each of these factors. So the homomorphism is injective.
¢)The image lies in the subgroup H of Gal(K|F) x Gal(L|F) given by

{(o,7)|o|knr = T|knL} -
Since (O’|K)KQL = 0-|Kr]L = (O"L)KQL, we have
Gal(KL|F)C H .

We have to prove that they are equal. This is because o|xnr = T|knr. So write an

ng 5
[Le 110
i J

element of KL as

define
U'(H a H b)) = H o(a;)™ H 7(b;)™
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this is well defined because o|xnr, = T|knr. Also we have o'|x = o and ¢'|, = 7. So H is
precisely the image.

d)Suppose that the group Gal(KL|F) = Gal(K|F) x Gal(L|F). Then we have to prove
that KN L = F. That would mean that the group generated by Gal(K |F') and Gal(L|F)
is Gal(KL|F). Since Gal(KL|F) is isomorphic to Gal(K|F) x Gal(L|F). We have
Gal(K|F)NGal(L|F) = {0}, so by the Galois correspondence we have K N L = F.

On the other hand suppose K N L = F. Then it follows that Gal(KL|F) = Gal(K|F) x
Gal(L|F) by the Galois correspondence.

Solution of problem 4

K|F is a finite Galois extension. Let L be an intermediate subfield. Let H = Gal(K|L).
Let N(H) be the normalizer of H in Gal(K|F'). Ly be the fixed field of N(H). We have
to prove that L is Galois over L, that is we have to prove that H is normal in N(H).
But that is true by definition of N(H). Suppose that L|E is Galois. Then we have that
H is contained in Hg, and H is normal in Hg, taht would mean that Hg is inside N(H).
So we have Ly C E.

Solution of problem 5

a) The derivative of 27" — z is
pla? Tt -1 =1
so the ged of the polynomial xP" — x with its derivative is 1. Therefore 27" — x has no

repeated roots.

b)We have to prove that for all a such that

af =«
we have

o =«

(aP)P = o =

on the other hand

(@) =a
so we get

o =
so this way we get that

ap"/ — a

¢) Follows from the fact that
(@+ B =" + " =a+4,

and

(aB)" = a”" 3" = afp.
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Therefore we get that
()" = (o) P =0at.

d) Since the polynomial 27" —x has p™ roots we get that cardinality of Fy. is p™. Since Fpn
over [F,, is Galois and the Galois group has order n we have that the degree of extension
of Fyn over ) is n.

Solution to problem 6

Let K|F is a separable extension of degree p*. Now degree of the minimal polynomial is
equal to the degree of the extension K = F(a) over F which is p?>. K contains more than
p roots of the minimal polynomial m,(x), which is of degree p*. Now m, has p? distinct
roots. Consider the splitting field L of m,(x), since m,(x) is separable we have that the
splitting field of m,(z) is Galois and therefore [L : F] = |Aut(L|F)| = p?, since we have
p? many distinct roots. Since |Aut(K|F)| divides the order of Aut(L|F) and K contains
more than p roots of the minimal polynomial we have that Aut(K|F) = Aut(L|F'), whence
we get that L = K. So K is the splitting field of m,(z). So K|F is normal. Therefore it
is Galois and hence its Galois group is of order p?. Since any group of order p? is abelian,
we have only two possibilities Z,» and Z, x Z,,.



